It is proposed that Fermi-surface reconstruction in electron-doped Ln 2−x Ce x CuO 4 (Ln = 
first. The insights gained will then be used for the hole-doped materials.
II. ELECTRON-DOPED LANTHANIDE CUPRATES
A stoichiometric parent crystal ). [22] [23] [24] [25] [26] [27] In these electron-doped materials the Fermi-dot coordinate has a value ofq ≈ 0.235 r.l.u. with a slight dependence on the lanthanide species Ln but no dependence on Ce doping. The simultaneous occurrence of both metallic and insulating quantum states gives rise to a partial energy gap in the BZ, called "pseudogap" (see Fig. 2b ).
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With increased doping the region of metallic states on the Fermi surface (being a curve in 2D) widens aboutQ, leaving a "Fermi arc" that bilaterally extends fromQ out to the arc tipsQ (see Fig. 2a ). [22] [23] [24] [25] [26] [27] Quantum states along the remaining part of the underlying Fermi surface-fromQ to the boundary of the BZ-are separated by the pseudogap∆(q, x)
depending on q-space position and doping. It opens atQ, where∆(q, x) ≡ 0, and widens in an approximate square-root progression to the boundary of the BZ (see Fig. 2b ).
As was noticed early on, at temperatures T > 0 the length of the Fermi arc qualitatively increases with doping x. 29 For a quantitative assessment it is proposed here that the positionsQ where the Fermi arc terminates-and the pseudogap opens-are determined by the incommensurability of the CDW, expressed, for x > x 6 , by the condition for one of the lateral coordinates, say q = q a ,q
Thereby the CDW incommensurability, δ c (x) =q(x) −q, provides a rough measure for the length of (each wing of) the Fermi arc for a given doping level x and at T = 0. As δ c (x) of Eq.
(1) is derived in tetragonal approximation, a 0 = b 0 , this approximation will be maintained. 
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This makes δ c (x) analogous to the reciprocal value of the crystal lattice constants, q 0a = a 
This is the case at a doping level
obtained by combining Eqs.
(1) -(3). Insertingq data from Table I , Eq. (4) gives the x values listed in Table I .
Not only the length of the Fermi arc, but also its curvature changes with the doping level x of Ln 2−x Ce x CuO 4 as observed with ARPES and confirmed with Hubbard-model calculations. [22] [23] [24] [25] [26] [27] Whereas the position of the Fermi dotQ = (q,q), does not depend on
Ce doping and only slightly on the lanthanide species Ln (see Table I Available data indicate that in the lanthanum cuprate La 2−x Ce x CuO 4 the doping levels for the Fermi arc's touching the boundary of the first BZ and, respectively, reaching the M points coincide, x = x * 0 (see Table I and Fig. 3a) . However, in the other lanthanide cuprates Ln 2−x Ce x CuO 4 (Ln = P r, N d) a more curved Fermi arc intercepts, at doping level x (< x * 0 ), the boundary of the BZ slightly away from (i. e., before) the M points and extends into the second BZ up to its termination by the Bragg-reflection mirror atq > 0.5 (see Table   I and Fig. 3b ). Not only are the Fermi-arc segments in the second BZ terminated atQ by Bragg-reflection mirrors, they are also, due to lattice Bragg reflection, pinched off at q = 0.5
by the boundary of the lattice BZ-and thus isolated-from the main part of the Fermi arc in the first BZ.
As a geometric exercise, extend by symmetry the first quadrant of the BZ in Fig. 3b to all four quadrants. Then consider the quadruple of severed Fermi-arc end-pieces in the first and second quadrant near (0, The Fermi ringlets in the second BZ would be centered at the origin of the BZs, Γ = (0, 0), and thus be electron-like. They might well correspond to the small electron pockets to which the observed small frequencies F of quantum oscillations are attributed.
It is noteworthy that the coincidence of doping levels for BZ boundary-touch and, respectively, M-point-reach, x = x * 0 , with consequent lack of quantum oscillations, in the electron-doped lanthanum cuprate La 2−x Ce x CuO 4 is analogous to the situation in the simple hole-doped lanthanum cuprates, La 2−x Ae x CuO 4 (Ae = Sr, Ba); see Table III .
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On the other hand, the discrimination of doping levels, x < x * 0 , in the other electrondoped lanthanide cuprates, Ln 2−x Ce x CuO 4 (Ln = P r, N d), is analogous to the situation in the hole-doped, partially substituted lanthanum-lanthanide cuprates, La 2−y−x Ln y Sr x CuO 4 (Ln = N d, Eu; y = 0.4, 0.2); see Table III . 31 The larger curvature of the Fermi arc in the lat- Table III .
Why are no quantum oscillations observed in the simple hole-doped lanthanum cuprates, Concluding the electron-doped lanthanide cuprates, Ln 2−x Ce x CuO 4 (Ln = La, P r, N d), the upshot is that quantum oscillations occur in the high-end doping interval of the pseudogap phase, x < x < x * 0 (compare Tables I and II) , if the Fermi arc extends into the second BZ. The origin of the quantum oscillation is attributed to reconstructed and joined Fermi-arc segments in the second BZ-called "Fermi ringlets"-that are severed at the BZ boundary by lattice Bragg reflection from the main Fermi arc in the first BZ. It can be expected that the area A of a Fermi ringlet, which by Onsager's relation determines the quantum-oscillation frequency F , is affected by two counteracting quantities prior to Fermi-arc reconstruction:
(i) The extension of the Fermi arc into the second BZ, ∆q =q − 0.5, increasing with increased doping x < x < x * 0 , and (ii) the sideways distance of the arc/boundary intersection from the M point, decreasing with increased doping x < x < x * 0 . The latter influence seems to be dominant if the observed decrease of F (x) in N d 2−x Ce x CuO 4 is any indication (see Table II ). The exact mechanism of the proposed reconstruction of the Fermi-arc end pieces in the second BZ to Fermi ringlets is beyond the scope of the present model. Hubbard-model studies of the Fermi arc may provide more insight. The CDW intensity and correlation length exhibit maxima at y 0.67 but fall off in both directions to the limit of detectability (indicated by hatched diamonds in Fig. 4) . Table IV) Table   IV ), extending into the second BZ. Again, the terminal Fermi-arc segments are severed at the BZ boundary by lattice Bragg reflection (see Fig. 2a ). The severed segments can be expected to reconstruct and join with corresponding pieces in the other quadrants to form Concerning Y Ba 2 Cu 4 O 8 , a compound with three CuO 2 planes per unit cell, quantum oscillations of frequency F = 660 ± 30 T have been observed. 8, 9 But no detection of CDWs by X-ray diffraction has been reported to date (see Table IV I also thank Neven Barišić and Martin Greven for literature references.
III. HOLE-DOPED, OXYGEN-ENRICHED CUPRATES

Quantum oscillations
